
lable at ScienceDirect

European Journal of Mechanics B/Fluids 29 (2010) 61–83
Contents lists avai
European Journal of Mechanics B/Fluids

journal homepage: www.elsevier .com/locate/e jmflu
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a b s t r a c t

The subject of the present combined experimental and theoretical investigation is the steady and
unsteady linear Görtler instability. The majority of previous experiments were devoted to the steady
Görtler vortices, despite the unsteady ones are also observed in real transitional flows. Moreover, even
for the steady Görtler vortices no quantitative agreement between the experimental and theoretical
linear-stability characteristics was obtained, especially for disturbance amplification rates. The
experimental difficulties were connected, in particular, with a rather poor accuracy of measurements at
zero disturbance frequency, a possible influence of nonlinearity, and an admixture of non-modal
(transient) growth mechanism. All these difficulties have been overcome in the experimental part of the
present study by means of: (i) tuning-out of the exact zero frequency of Görtler vortices and working,
instead, with quasi-steady perturbations of very low frequencies, (ii) performing measurements at low
disturbance amplitudes, and (iii) minimization and careful estimation of the disturbance-source
near-field by means of utilizing a special controlled disturbance source and performing special numerical
computations for exact experimental conditions. A detailed study of all linear-stability characteristics for
essentially unsteady Görtler vortices was performed in this paper as well. The results are obtained in
a range of Görtler numbers 13 ( Gö ( 17.3, frequency parameters F ¼ 0.56–22.70, and spanwise
wavelength parameters L ¼ 149–775 (close to the most amplified Görtler modes).

Appropriate calculations based on locally-parallel and non-local non-parallel linear-stability theories
were performed and compared quantitatively with experimentally obtained linear-stability character-
istics. For the first time all stability characteristics measured for steady Görtler vortices (in quasi-steady
regimes) are found to agree very well with those calculated for the most amplified first discrete-spec-
trum mode of the linear Görtler-instability problem. Similar good agreement is obtained for essentially
unsteady Görtler vortices. The roles of effects of the base-flow non-parallelism and the disturbance-
source near-field are examined.

� 2009 Elsevier Masson SAS. All rights reserved.
1. Introduction

Görtler instability (or Taylor–Görtler one in closed rotating
streams) is widely spread in various shear-flows. In particular, it is
often observed in boundary layers developing over concave walls in
a wide range of free-stream speeds and Mach numbers [1]. This
instability leads to amplification of streamwise elongated vortices
(steady or/and unsteady). Due to its great importance the problem
of Görtler instability is being investigated for a long time experi-
mentally, theoretically, and numerically (see, e.g., reviews in
Ref. [2–4]). Great majority of these studies are devoted to steady
Görtler vortices.

For the first time the streamwise vortices, associated with an
instability of a shear-flow between two rotating cylinders, were
þ7 383 3307268.
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found and studied both theoretically and experimentally by Taylor
[5]. Experiments [6] showed that the laminar boundary layers over
concave walls become turbulent at lower Reynolds numbers than
those over flat or convex surfaces. Later Görtler [7] adopted the
approach of local parallelism of boundary layer streamlines and
used normal-mode analysis to show that the instability can occur in
boundary layers over concave surfaces when a certain parameter
(the Görtler number)

G€o ¼ Re

ffiffiffi
d

R

r
; (1)

exceeds a critical value. Here Reynolds number is defined as
Re ¼ Ued/n, the length d characterizes the boundary-layer thickness,
Ue is the free-stream velocity at the boundary-layer edge, n denotes
the kinematic viscosity of the fluid, and R is the radius of wall
curvature. The critical Görtler number changes with the distur-
bance spanwise wavenumber b (normalized usually by the length
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scale d). The dependence Gö(b) forms a neutral stability curve
defined in the (Gö,b) -plane. Throughout this paper, if other is not
specified, we assume that the length scale is equivalent to the
boundary-layer displacement thickness.

A relation of the early flow turbulization found in Ref. [6] to the
Görtler instability was demonstrated by Liepmann [8]. First direct
experimental evidence of existence of steady Görtler vortices was
obtained by china-clay surface visualization in Ref. [9] and by
hot-wire measurements in the flow in Ref. [10]. The experiments
and subsequent analysis showed that the instability develops in
space and has the convective character. Later numerous flow
visualizations and hot-wire measurements (see, e.g., Ref. [11])
helped to improve significantly the understanding of this
phenomenon and to evaluate its influence on the laminar–turbu-
lent transition in boundary layers.

A series of studies was performed with excitation of controlled
perturbations. In such experiments [12] performed in water some
spanwise periodic steady disturbances were introduced into
a boundary layer by means of an array of heated streamwise-
oriented wires. The instability was detected via an observation of
deformation of spanwise time-lines formed by hydrogen bubbles.
Some points belonging to a short-wave part of the neutral stability
curve were obtained. However, the amplitudes of the excited
disturbances were quite large because it would be otherwise
difficult to detect them by means of the used visualization method.
In experiments of Ref. [13,14] a set of thin plates located in free
stream was used to generate steady Görtler vortices; some of the
results obtained in Ref. [12] were reproduced and also additional
points of the neutral stability curve were documented.

However, the disturbance growth rates obtained experimentally
did not agree with those calculated by the linear-stability theory in
the whole range of spanwise wavenumbers and Görtler numbers
studied [3,15]. One of the causers of the discrepancy was associated
with nonlinear effects because the amplitudes of the streamwise
velocity variations caused by the investigated vortices were quite
large (often about 10% of free-stream speed, as in Ref. [12]). Another
cause is related to the so-called transient growth of perturbations
occurred in the disturbance-source near-field (see below).

In the long-wave region some serious difficulties exist in the
linear-stability theory as well. For instance, in Ref. [7,16] the Görtler
number of the neutral point increases as the spanwise-wave-
number decreases below 0.1 (when it is normalized by d*) and
approaches 10 at wavenumber about 0.01. Meanwhile, in calcula-
tions of Ref. [17,18] the same Görtler number remains small and
nearly constant (about 0.7–0.8), while in Ref. [19] it continues to
decrease at least down to 0.1.

A great number of subsequent attempts to improve the theory
by means of accounting for the boundary layer growth did not lead
to an adequate solution of the problem. The disturbance growth
rates predicted by various theories still differ significantly from
each other and, what is of the most importance, disagree with the
experimental data. Although according to the linear-stability
theory [19] the flow becomes unstable when Görtler number
exceeds value of about unity, the experimentalists were not able to
observe Görtler vortices until Gö* z 10 (here and below we denote
Görtler number Gö* when displacement thickness d* is used as d).
The significant distinction of predicted and experimental growth
rates is observed in the whole studied range of spanwise wave-
numbers and Görtler numbers.

Hall [20,21] showed that the reduction of the problem under
consideration to a set of homogeneous ordinary differential
equations is not justified for values of Gö and b(Oð1Þ: the neglect
of the downstream variation of the vortex shape (i.e. consideration
of the wall-normal amplitude function as independent of x and
prehistory of its development) is invalid in this case. To account for
the prehistory, one has to formulate the problem as a set of partial
differential equations and solve the corresponding parabolic initial-
boundary-value problem. Corresponding numerical tests show that
the behavior of stationary vortices at small Görtler numbers
depends sufficiently on initial conditions and determination of
a unique neutral stability curve loses practical significance [22–24].
In such a case most accurate approach, which allows one to trace
the development of the vortices from very beginning, consists in
formulating and solving the receptivity problem to provide proper
initial conditions. However, this has been done only theoretically
for Görtler vortices induced by a stationary roughness [25,26].
Experimentally receptivity of the Görtler vortices has not been
considered up to now due to its complexity.

The situation in boundary layers (at least in the present exper-
iment, where disturbance source is located at Gö¼ 0) is aggravated
also by the presence of a so-called ‘near-field’ region downstream
of a disturbance source even at b a 1 [27,28]. This phenomenon is
related to the so-called lift-up effect [29], which allows for the
streamwise disturbance velocity to experience a transient algebraic
(rather than exponential) growth even in a linearly stable flow. This
can be illustrated in terms of a large number of attenuating modes
of linearized Navier–Stokes equations with the same value of the
spanwise wavenumber and (possibly zero) frequency, but with
different streamwise wavenumbers [30]. The superposition of the
non-orthogonal modes produced by a disturbance source can lead
to a complicated behavior (including a temporary growth) of the
streamwise-velocity disturbance in an extended downstream area.
The wall-normal profiles of the streamwise component of velocity
disturbance resemble often for such perturbations the Görtler
vortex profiles. This renders difficult to distinguish these two types
of disturbances in experiment.

The majority of problems occurred in previous experimental
investigations of steady Görtler vortices is associated with a poor
measurement accuracy of small velocity perturbations on the
background of large mean shear-flow velocity accompanied by
large wall-normal gradients. Also, some of the previous experi-
mental difficulties can be attributed, at least partly, to a possible
influence of nonlinearity and to the discussed above mechanism of
non-modal disturbance development or, in other words, to a large
extent of disturbance-source near-fields. Due to these reasons, an
accurate (and even approximate, mostly) agreement between the
experimental growth rates of steady Görtler vortices and those
predicted by the linear-stability theory has never been achieved
until now.

Experimental investigations of the linear Görtler-instability
problem in non-stationary formulation are absent at present. The
number of available theoretical and numerical results on
time-periodic vortices is also quite restricted, though the original
Görtler equations [7] are time-dependent. The growth of Görtler-
instability modes in a form of unsteady, oscillating vortices as
a primary state was considered in Ref. [20,31] for subsonic and in
Ref. [32] for supersonic boundary layers. It was shown that the
unsteady modes (periodic in time) are less amplified compared to
steady ones. In Ref. [20] this result was obtained with accounting
for the effects of the base-flow non-parallelism but only in the limit
of infinitely large spanwise wavenumbers. The case of wave-
numbers of order of unity (being of the greatest practical impor-
tance) has not been studied.

The initial-boundary-value problem of the development of
unsteady disturbances in boundary layer at a concave wall has been
considered by Bertolotti [33]. The study was mainly devoted to the
development of Tollmien–Schlichting (TS) waves, therefore the
Navier–Stokes equations were reduced and normalized quite
differently compared to the initial-boundary-value problem for
Görtler vortices formulated in Ref. [22]. Nevertheless, it was
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pointed out that the curvature promotes amplification of both the
Görtler vortices and the oblique TS-waves. Their instability regions
were found to merge as the surface curvature grows.

Based on flow visualizations and theoretical results, it is
believed usually that steady vortices dominate in the flows in
presence of Görtler instability. This is plausible quite often, but
cannot be rigorously justified for all practical cases. The unsteady
vortices can be initiated by low-frequency vortical perturbations of
incoming flows and seem to appear frequently in many practical
situations (see, e.g., Ref. [34]). Such perturbations are typical, for
example, in boundary layers on curved blades of turbomachines.
Consequently, the apparent predominance of steady Görtler
vortices in numerous experiments might be explained, e.g., by
a stronger boundary-layer receptivity to these disturbances, or
by larger dimensionless amplitudes of surface roughness or
free-stream non-uniformities in comparison with amplitudes of
surface vibrations or free-stream velocity fluctuations, rather than
by their largest amplification rates. Such situation might be similar
to the swept-wing boundary-layer instability, where less amplified
stationary disturbances dominate frequently in the flow [35].

The investigation of unsteady Görtler instability (including the
quasi-steady case) described in the present paper is not only of
great fundamental and practical importance, but also of large
methodological significance. In particular the quasi-steady
approach and new source of fully controlled unsteady Görtler
vortices represent significant new steps in the field of the Görtler
instability research.

The main ideas of the experimental approach used in the
present investigation of steady Görtler vortices are the following:

1. To tune-out from the exact zero frequency and to perform,
instead, measurements for quasi-steady, very low-frequency
perturbations, which correspond physically to stationary
disturbances (including the disturbance stability characteris-
tics), as shown below. In this case the accuracy of measure-
ments can be improved very much (by several orders of
magnitude) with the help of utilizing Fourier analysis.

2. To perform measurements at extremely low disturbance
amplitudes in order to provide a guaranteed linearity of the
stability problem under investigation and to check experi-
mentally the presence of linearity in the studied cases.

3. To minimize, identify, and take into account the effects of the
disturbance-source near-field.

4. To excite quasi-steady Görtler vortices by means of a special
disturbance source (which is able to provide the above
mentioned prerequisites) and to carry out special numerical
calculations in order to estimate the near-field length and
properties.

The simultaneous theoretical investigation of the steady
problem of the linear Görtler instability represents also an impor-
tant peculiarity of the present work. The boundary-layer instability
to essentially unsteady Görtler vortices is investigated here as well,
both experimentally and theoretically. In addition, the applicability
of locally-parallel and non-parallel stability theories is analyzed in
detail.
(1)
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Fig. 1. Sketch of the experimental model: 1 d wall of wind-tunnel test section,
2 d supporting flat plate, 3 d concave insert with radius of curvature of 8.37 m,
4 d adjustable wall bump, 5 d traversing mechanism, 6 d flap, 7 d outlet
section, 8 d disturbance source; 9 d hot-wire probe.
2. Experimental setup

The experiments were carried out in the low-turbulence
subsonic wind-tunnel T–324 of the Khristianovich Institute of
Theoretical and Applied Mechanics of the Siberian Branch of the
Russian Academy of Sciences. The wind-tunnel test section has
length of 4 m and square test section 1 � 1 m. At the present
experimental conditions the free-stream turbulence level did not
exceed 0.02% in the frequency range above 1 Hz.

The sketch of the experimental model is presented in Fig. 1. The
model consisted of a supporting flat plate (2), a concave-wall insert
(3), and an outlet section (7) to provide smooth outcome of the flow
from the insert to the flat part of the model without boundary-layer
separation. The concave-wall insert was started at x ¼ 311 mm
(Gö*¼ 9.0) and ended at x ¼ 1111 mm Gö* z 20.1. The plexiglas flat
plate of 10 mm thickness with an elliptic nose part was installed
horizontally in the wind-tunnel test section under zero angle of
attack. In order to minimize the streamwise pressure gradient over
the concave surface, an adjustable wall bump (4) was mounted on
the test-section ceiling. The wall-bump surface was adjusted
practically parallel to the model surface on its concave section.

Unsteady controlled Görtler vortices were excited in the
boundary layer upstream the concave section by a disturbance
source VS-II (8) [36]. This source was used previously for excitation
of TS-waves [37–39] and cross-flow instability waves [40]. The
excitation unit of the source mounted in the experimental model is
sketched in Fig. 2a. It consists of an insert with a spanwise slot (2)
oriented normal to the free-stream direction and an array of tubes
distributed uniformly along the slot with outlets located immedi-
ately under it. The disturbances are produced by weak harmonic in
time fluctuations of air inside the tubes representing, in fact, an
array of point-like sources.

The excitation unit was flush mounted in the supporting flat
plate (1) at a distance of 207 mm downstream from its leading edge
(Re* ¼ 645, where Re* is the Reynolds number based on the
boundary-layer displacement thickness d*). The slot had length of
164 mm, width of 0.2 mm and depth of 1 mm. 82 tubes with step of
2 mm were used in the array. Each tube was connected by a 5 m
long plastic pipe to one of eight identical loudspeakers positioned
outside the wind-tunnel and closed with covers. Each cover was
equipped with 12 fittings for connection with the pipes. The
speakers operated at relatively low frequencies (between 0.5 and
20 Hz) and, therefore, produced inside every pipe (and, hence,
inside the slot) some small-amplitude blowing/suction air fluctu-
ations rather than acoustic waves.

The input harmonic signal (with definite frequency, amplitude,
and phase) to each of the speakers was produced by one of eight
channels of an electronic unit of the disturbance source VS-II
consisted of a block of specialized digital-to-analog converters
(DAC) combined with power amplifiers. Each channel was able to
generate its own signal (stored in the DAC ROM and composed of
2048 points) of virtually any desired shape. The signals were
produced by a special PC program (uploaded into the ROM prior to
the experiment) and played back during the signal generation at



Fig. 2. Excitation unit of the disturbance source mounted in the experimental model (a); standing waves generated by the source (b) and a schematic plot of the Görtler vortices
appearing downstream (c): 1 d surface of experimental model; 2 d slot insert; 3 d metal tubes.

Fig. 3. Example of spanwise distributions of amplitudes and phases of boundary-layer
disturbances excited by source VS-II at initial section x ¼ 397 mm (B) approximated in
plane of complex amplitudes by high-order polynomial (�). L ¼ 775, F ¼ 9.08,
G* ¼ 10.3.
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a rate between 20 and 200 000 Hz controlled by an external clock
generator.

A schematic diagram of the disturbance excitation is shown in
the (y, z)-plane in Fig. 2b and c. The instantaneous spanwise
distribution of the wall-normal velocity disturbance is presented in
Fig. 2b, while the corresponding instantaneous sketch of the
excited Görtler vortices is given in Fig. 2c.

Typical measured spanwise distributions of amplitude (A) and
phase (4) of boundary-layer perturbations excited by the source at
’initial’ section x ¼ 397 mm (G* ¼ 10.3) are illustrated in Fig. 3 for
the spanwise wavelength l ¼ 24 mm (L ¼ 775) at f ¼ 8 Hz
(F ¼ 9.08). It is seen that the disturbances excited by the source
correspond to a standing wave in the spanwise direction with the
characteristic sine-type amplitude modulation and 180� phase
jumps occurred at the amplitude minima. The distributions
obtained in all other regimes under study looked similar. The
results of their spatial Fourier transform give the spanwise-wave-
number spectrum consisted mainly of two modes with b¼� 2p/lz.
These quite pure standing waves turned out to be attributed to
a system of unsteady counter-rotating Görtler vortices with one
definite spanwise wavelength equal to lz (see below).

The intensity of the excitation was quite small in all studied
regimes to provide generation of Görtler vortices with streamwise-
velocity amplitudes less than 0.2–0.3% of the boundary-layer edge
velocity (Ue) in the end of region of measurements (i.e. at
x ¼ 892 mm). So low disturbance amplitudes were used wittingly
to provide a guaranteed linearity of the Görtler instability
mechanism under study. It has become possible to study such
low-amplitude perturbations due to a very good accuracy of their
measurements, as far as the quasi-steady disturbances were
utilized instead of the steady ones. Special measurements
performed at varied initial amplitudes of the excited Görtler
vortices have shown that their shapes (wall-normal profiles of
phases and normalized amplitudes) and laws of downstream
development are amplitude independent up to several percents of
Ue. Thus, the experimentally measured Görtler vortex characteris-
tics can be compared directly with those calculated based on linear-
stability theories.

During main measurements the mean-flow velocity, total
root-mean-square (rms) intensity of velocity fluctuations, and
amplitudes and phases of frequency harmonics were obtained with
the help of a constant temperature hot-wire anemometer AN–1003
produced by AA Lab Systems. The miniature single-wire probes used
in the experiment were designed for boundary-layer measure-
ments and made using technology by Kosorygin [41]. The probe
consisted of a Wollaston-type wire (copper coated platinum) with
a sensitive element of 0.3 mm length and 6 mm in diameter. The
thirty-year experience of utilizing of such probes testifies that
despite the rather low length-to-diameter aspect ratios they
operate properly and measure accurately the streamwise-velocity
component in boundary layers, providing in addition enhanced
spatial resolution, which is very important for investigations of the
spanwise-localized flow structures like the streamwise vortices
under study.

In the used coordinate-system the x-axis is directed down-
stream and has its origin at the supporting plate leading edge; this
coordinate is curvilinear and counted along the curved surface. The
z-axis is oriented along the spanwise direction and y is wall-normal
coordinate everywhere. All hot-wire signals corresponded to the
streamwise (u –) component of the flow velocity. The hot-wire
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probe was mounted on a three-component traversing mechanism 5
(Fig. 1), which provided the spatial probe positioning with accuracy
of � 0.2 mm along z and x, and �0.005 mm along y-coordinate.

Main boundary-layer measurements were carried out in
a ranges of x between 300 and 900 mm and z between �140 mm.
During measurements of streamwise and spanwise distributions,
the dimensionless wall-normal distance was fixed and equal to y/
d* z 1.1 (the corresponding dimensionless flow velocity was U/
Ue ¼ 0.6). This distance corresponds approximately to the
wall-normal location of the amplitude maximum of the distance
corresponded to the first Görtler-instability mode (see Sections. 5
and 6.1 below).

The hot-wire anemometer signal, as well as output signals of
a resistive temperature detector and an electronic manometer
measured the base-flow characteristics, were transferred into a PC
synchronously with the reference signal produced by the distur-
bance source via an eight channel BNC–2120 connector and a 16-bit
analog-to-digital convertor PCI–6035E by National Instruments.
The data acquisition and linearization of the hot-wire signals were
performed by a program implemented in MATLAB using King’s law
constants obtained during the probe calibration performed in the
same wind-tunnel just prior to the measurements.

The linearized hot-wire signal was ensemble averaged
synchronously with the disturbance source reference signal. The
number of averaged periods of the excited harmonic perturbations
was varied from 40 for 0.5 Hz to 120 for 20 Hz frequency. The
sampling frequency was set in a way to provide about 40 points
(always integer number) per fundamental period. The ensemble
averaged signals were subjected to discrete Fourier transform to
obtain mean amplitude and phase of disturbances at the excitation
frequency f1, as well as at frequency of its harmonic f2 ¼ 2f1 to
control a degree of nonlinear distortion of the disturbances. The
mean-flow velocity was measured during about 10–15 s in every
spatial position.

3. Theoretical approaches

This section is focused upon theoretical approaches used in the
present study to describe unsteady Görtler vortices. The distur-
bance velocity–vector components corresponding to the coordi-
nate-system axes described above and pressure are: u(x, y, z, t), v(x,
y, z, t), w(x, y, z, t), and p(x, y, z, t), while mean-velocity-vector
components are designated as U(x, y), V(x, y) and W h 0.

To be consistent with previous theoretical studies, all these
variables are made non-dimensional in this section using the so-
called boundary layer scaling, which differs from the experimental
ones in using Reynolds number Re0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
U0x0=n

p
instead of local one

Re*. We assume that the excitation of disturbances occurs locally at
x¼ x0> 0 from inside the boundary layer, therefore x is scaled by x0,
and the streamwise velocities U and u are normalized with respect
to the free-stream velocity U0 at x0. The wall-normal and spanwise
coordinates y and z as well as the wall radius of curvature are made
dimensionless with respect to x0/Re0, while the wall-normal and
spanwise velocities V, v, and w are scaled with U0/Re0. The pressure
is scaled with rU0

2/Re0
2 and time t is scaled with x0/U0.

Let us consider stability of a two-dimensional nearly Blasius
boundary layer over a concave wall of radius of curvature R [ 1 at
high-Reynolds number limit. In this case the Navier–Stokes equa-
tions linearized about the two-dimensional, steady base flow (U, V,
0) are reduced to [17,18]

ux þ vy þwz ¼ 0;
ut þ Uux þ Uxuþ Vuy þ Uyv ¼ uyy þ uzz;

vt þ Uvx þ Vxuþ Vvy þ Vyvþ 2G€o2Uuþ py ¼ vyy þ vzz;
wt þ Uwx þ Vwy þ pz ¼ wyy þwzz:
These equations are parabolic and, consequently, require
initial conditions at x0 and appropriate boundary conditions
(u ¼ v ¼ w ¼ 0) at the wall and in the free stream.

Since the mean-flow is assumed to be independent of spanwise
direction, it is possible to consider solutions periodic in z with
a spanwise wavenumber b ¼ 2p/lz and assume solutions of the
form

ðu; v;w;pÞ ¼ fuðx; y; tÞcosbz; vðx; y; tÞcosbz;wðx; y; tÞ
sinbz; pðx; y; tÞcosbzg: ð1Þ

Let us suppose also that the disturbances are harmonic in time
and denote the dimensionless angular frequency (Strouhal
number) of oscillations as u ¼ 2pfx0/U0. After simple trans-
formations this yields

ux þ vy þ bw ¼ 0; (2)

ðUuÞxþVuy þ Uyv ¼ uyy � b2uþ iuu; (3)

ðUvþVuÞxþ2ðVvÞyþbVwþ2G€o2Uuþpy ¼ vyy�b2
vþ iuv; (4)

ðUwÞxþðVwÞy�bp ¼ wyy � b2wþ iuw; (5)
the conservative form of the equations being convenient for their
numerical solution by marching [27]. At Gö¼ 0 this set of equations
is also equivalent to that used by Luchini [28] in studying the
optimal disturbances in flat-plate boundary layer and at u ¼ 0 to
that used by Hall [21] in studying the development of stationary
Görtler vortices in growing boundary layer. We will call these
equations throughout the text as linear non-parallel stability
equations (NSE).

When G€o(Oð1Þ and b(Oð1Þ, it had been established [20] that
the normal-mode approach is not acceptable, at least for stationary
modes. At larger values of Gö and b the problem can be further
reduced to a set of ordinary differential equations by factorizing
f ðx; yÞ ¼ bf ðyÞexpðiaxÞ, where f is any of u; v;w or p and a is a local
complex-number streamwise wavenumber. This yields a quasi-
parallel approach similar to that used in [19] for the steady vortices

iabu þ bvy þ b bw ¼ 0; (6)

Uxbu þ iaUbu þ Vbuy þ Uybv ¼ buyy � b2bu þ iubu; (7)

iaUbvþVxbuþVbvy þVybvþ 2G€o2Ubuþ bpy ¼ bvyy � b2bvþ iubv; (8)

iaU bw þ V bwy � bbp ¼ bwyy � b2 bw þ iu bw: (9)

If b, u, Gö, U(x, y) and V(x, y) are given, the equations constitute
the eigenvalue problem in a. We denote these equations as linear
locally non-parallel stability equations (LNSE).

The equations can be reduced even more by neglecting V and
the streamwise derivatives of the mean velocities (i.e. assuming
local parallelism of the flow streamlines) yielding

iabu þ bvy þ b bw ¼ 0; (10)

iaUbu þ Uybv ¼ buyy � b2bu þ iubu; (11)

iaUbv þ 2G€o2Ubu þ bpy ¼ bvyy � b2bv þ iubv; (12)

iaU bw � bbp ¼ bwyy � b2 bw þ iu bw: (13)
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This approximation is close in essence to that used by Görtler [7]
with the exception that he considered the temporal formulation of
instability to zero-frequency disturbances and, consequently,
assumed u purely imaginary and put a ¼ 0. This set of equations
will be denoted as linear locally-parallel stability equations (LPSE).

Due to the long-standing question on the borders of applica-
bility of different approaches in respect to b and Gö to describe
accurately the development of steady Görtler vortices, we found it
particularly important to compare the capabilities of the limit cases
(i.e. LPSE and NSE) to predict the characteristics of the experi-
mentally observed quasi-steady and unsteady Görtler vortices in
the most problematic (and most important, simultaneously) region
around b ¼ Oð1Þ. The LNSE (and their generalization with kept px/
Re2 term) were used mainly in building isocontours of neutral
stability and amplification rates and to ensure that the used
numerical schemes (described below) provide the same results at
the limit case of u¼ 0 as those obtained in previous studies devoted
to the stationary Görtler-vortex instability.

To solve eqs. (14)–(17) and (10)–(13) we used a pseudospectral
approximation of velocity derivatives v/vy and v2/vy2 by Chebychev
polynomials in N Gauss–Lobatto points [42,43]. A rational coordi-
nate transform

y ¼ a
1þ x

b� x
;

where a and b are adjustable parameters, mapped the problem
from the polynomial domain x˛[�1; þ1] to the physical domain
[0;ymax] along y. Value ymax ¼ 2a/(b� 1) was taken far away from
the boundary-layer edge (here we present results obtained with
ymax ¼ 44, b ¼ 2 and N ¼ 70). The solutions of the resulting discrete
eigenvalue problems were obtained with standard technique
utilizing the QZ-algorithm [44]. To march the parabolic eqs. (2)–(5)
in the x-direction we used procedures equivalent to those described
in [27]. The number of steps in x-directions M¼ 200 was used in the
calculations. Both coding and computations were performed in
MATLAB. Integration starts, if another is not specified, at Gö*¼ 3.00.
(Note, that in the experiment the disturbances were excited at
Gö* z 7.16.) Since the main emphasis of the calculations was to
perform comparisons with the experimental data, the numerical
results were renormalized for presentation in this paper to match
the experimental scaling.

Solutions of eqs. (10)–(13) at x0 were used mostly as the initial
conditions in solving eqs. (2)–(5) in the paper. Dependence of the
solution on the initial conditions is discussed in Section 6.1.
b

Fig. 4. Comparison of measured (at z ¼ 0) and calculated wall-normal mean-velocity
profiles: Blasius profile (�); x ¼ 397 (,), 694 (>), and 892 mm (B) (a) and down-
stream evolution of integral boundary-layer parameters measured (symbols) and
calculated for Blasius (dashed lines) and for experimental conditions (solid lines) (b).
4. Base-flow characteristics

It was found that the potential-flow characteristics over the
experimental model were independent practically of the spanwise
coordinate z and the incoming flow velocity at least in the range
between 3 and 15 m/s. The main measurements were carried out at
free-stream velocity U0 ¼ 9.18 m/s.

By means of adjustment of the wall-bump shape (located above
the experimental model, Fig. 1) an almost zero-gradient streamwise
distribution of the potential-flow velocity was realized in the
experiments. A special procedure of correction of the mean-
velocity measurements was applied in order to detect even very
small streamwise velocity gradients remaining possibly in the flow.
(This procedure provided renormalization of the mean-velocity
values measured with the hot-wire by the incident flow velocity
measured permanently at the wind-tunnel test-section inlet.) The
results have shown that an extremely weak favorable streamwise
velocity gradient (of about 1% per meter) was still present in the
potential flow in the range between x ¼ 400 and 900 mm. Note,
however, that so weak gradient did not influence, in fact, the linear
Görtler instability characteristics (as was shown in special
calculations).

Three typical wall-normal profiles of the streamwise mean-
velocity component U(y) measured inside the boundary layer are
given in Fig. 4a in comparison with the Blasius profile. The exper-
imental profiles are taken in the beginning, in the middle and in the
end of the region of main measurements. Here and hereafter the
streamwise velocities are normalized by the boundary-layer edge
velocity Ue, while the wall-normal coordinate y is scaled with the
local boundary-layer displacement thickness d*. It is seen that the
distinction between the measured and calculated profiles is
practically indistinguishable. However, more accurate comparisons
performed for streamwise distributions of integral boundary-layer
parameters: displacement thickness d*, momentum thickness d**,
and the shape factor H ¼ d*/d**, display clearly the presence of the
weak favorable pressure gradient found during potential-flow
measurements and indicated above (Fig. 4b). This gradient leads to
a slight reduction after x¼ 400 mm of the boundary-layer thickness
growth and to a small drop of the shape factor in comparison with
the zero-gradient (Blasius) flow.

Since the physical nature of the steady Görtler instability is
inviscid [1], the dependence of its characteristics on small varia-
tions of mean-velocity profiles is expected to be also weak for
quasi-steady vortices. However, as indicated above, at high
frequencies the regions of the Görtler and Tollmien–Schlichting
instabilities approach each other [33], and the viscosity can play
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a certain role in the development of ‘high-frequency’ Görtler
modes. Moreover, even small pressure gradients and mean velocity
deformations are able to influence development of TS-waves [45].
Hence, a more rigorous approach used in the present investigation
consists in the boundary-layer calculation using two-dimensional
Prandtl equations in the so-called inverse-mode, when experi-
mental data for d* were used as the free-stream boundary condi-
tions [46].

To solve the Prandtl boundary layer equations in the inverse-
mode, Crank–Nicolson implicit scheme with simple iterative
update of coefficients [47] was used. Velocity profile of self-similar
Blasius boundary layer was used as the initial condition applied at
x0. The same knots in y and x-directions were used as described in
Section. 3. It is seen in Fig. 4b, that the numerical approximation
provides the required correspondence of values and laws of
evolution of all three generally used integral boundary-layer
parameters throughout the measurement region.

In order to exclude any possible, in principle, influence of
uncontrolled steady Görtler vortices (which might be generated
by weak surface waviness), some special measurements of the
spanwise non-uniformities of the base-flow structure were
performed in the most downstream measurement location
x ¼ 892 mm in regimes without excitation of controlled pertur-
bations. These measurements have shown that the uncontrolled
Görtler vortices have very low (immeasurable, in fact) amplitudes,
which do not exceed 0.1% of Ue and should not influence the
development of the controlled disturbances excited by the source.
5. Regimes of measurements and spectral content of excited
perturbations

In order to analyze the Görtler-instability problem and to
perform comparison of experimental and numerical results
correctly, it is necessary to know the complete set of all possible
instability modes under the experimental conditions, to carry out
their identification, and to take into account the disturbance-source
near-field. All these points were analyzed and accounted for during
selection of experimental regimes of excitation, subsequent
measurements, and data processing.

The detailed measurements were carried out in 22 different
regimes of disturbance excitation for eight frequencies of Görtler
vortices and three values of spanwise wavenumber. The Görtler
number Gö* grew in the streamwise direction within the region of
measurements between 10.3 � 0.1 and 17.3 � 0.1 (x ¼ 397–
892 mm). The values of the dimensional spanwise wavelength
were lz¼ 8, 12, and 24 mm and corresponded approximately to the
range of most dangerous wavenumbers. Note, that the corre-
sponding dimensionless spanwise wavenumbers scaled with local
boundary-layer displacement thicknesses changed downstream
and constituted b ¼ 2pd*/lz ¼ 1.06–1.46, 0.70–0.97, and 0.35–0.49,
respectively. The spanwise wavelengths were taken to be small
(lz ¼ 8 mm), quite similar (12 mm) and large (24 mm) compared
with the boundary-layer thickness (w3d*) inside the region of
measurements that could be significant in sense of the Hall’s
criterium of applicability of the local analysis [27,28].

Because of the streamwise variation of b, the dimensionless
spanwise wavelength parameter defined as

L ¼ ðU0lz=vÞðlz=RÞ1=2

is used frequently in local analysis. That is L¼ 149, 274, and 775 for
the given lz, respectively.

The stability diagram in the (Gö*,L)-plane calculated by means
of LNSE for stationary Görtler vortices developing in Blasius
boundary layer is shown in Fig. 5. Both the neutral stability curve
(i.e. the curve corresponded to amplification rate (�ai) ¼ 0) for the
first and higher discrete-spectrum instability modes and the
contours of growth rates of the first discrete-spectrum Görtler
mode are shown. The locations of all curves obtained for the first
mode coincide perfectly with those given in Ref. [19,48]. Note,
however, that the location of lower branch of the neutral stability
curve cannot be justified for most value of L, as it has been shown
with the help of asymptotic theory [21]. Later computations in
Ref. [49] for L� 210 and in Ref. [24] for L� 445 determined more
exactly that vortices show local growth rates independent of initial
conditions and close to those obtained from local theories only at
Gö* a 10.5.

It is seen in Fig. 5 that the disturbance parameters were selected
in experiment in a way to provide: (i) a moderate growth of vortices
to avoid amplification of uncontrolled disturbances and their
influence on the controlled ones, (ii) a closeness to the line of the
most rapidly growing steady Görtler vortices, and (iii) an inde-
pendence of the vortex growth from the initial conditions at least in
a part of the L�Gö* -region covered experimentally.

Moreover, the selected disturbance parameters correspond to
the vicinity of the instability domain found for the first mode of
essentially unsteady Görtler vortices up to the highest measured
frequency of 20 Hz (see Section 8.2). The experiments were
performed at frequencies f¼ 0.5 (for L¼ 274 only), 2, 5, 8, 11, 14, 17,
and 20 Hz. The corresponding inviscid dimensionless frequency
parameter u ¼ 2pfx0/U0 (introduced in Section 3 and corresponded
to Strouhal number) depends on the choice of x0 and, therefore, is
somewhat inconvenient for presentation of the experimental data
(for which local scalings are accepted). In the corresponding
viscous problem of the Tollmien–Schlichting instability of the
Blasius boundary layer an independent of x dimensionless
frequency parameter defined as

F ¼ 2pf v=U2
0 � 106

is widespread. We found that it is quite convenient to use this
parameter in the present study as well. The studied dimensional
disturbance frequencies indicated above correspond to the
frequency parameters F ¼ 0.57 � 0.01, 2.27 � 0.04, 5.67 � 0.09,
9.08 � 0.14, 12.48 � 0.20, 15.89 � 0.25, 19.29 � 0.31, and
22.70 � 0.36. The uncertainties are associated with variation of the
air kinematic viscosity during the experiments.
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Three examples of the unsteady Görtler-mode eigen spectrum
presented in Fig. 6 are calculated based on eqs. (10)–(13) for
Gö*¼ 17.3, L ¼ 149 at three different frequencies corresponding to
the lowest, moderate, and highest ones studied experimentally. The
spectra demonstrate the combination of discrete eigenvalues and
a discrete numerical approximation of the continuous branch.
The content of the continuous-spectrum varies depending on the
location and number of the selected knots. In contrast, the
discrete-spectrum eigenvalues keep their position on the complex
plane, if N and ymax are sufficiently large as in the present case,
when N ¼ 70 and ymax ¼ 44.

The subsets of the spectra displayed in Fig. 6 contain also two
discrete modes each. At F ¼ 0.57 the two modes are amplified, at
F ¼ 9.08 only the leading (first) mode grows, while at F ¼ 22.70 the
two modes decay at given Gö* corresponding to the last streamwise
position of the measurements. Although the discrete modes are
well separated from the continuous branch at the first two
frequencies, in the last case the decay rate of the leading (first)
discrete mode is very close to that of the continuous-spectrum tip
(at ai z b2). This implies that the first discrete Görtler mode can be
easily identified experimentally at Gö*¼ 17.3 at the first and the
second frequency, while at the third one such identification might
be difficult and an extensive near-field region behind a disturbance
source is expected. Note, however, that since we are interested
mainly in the most rapidly amplified Görtler-instability disturbances
(which correspond to the first discrete mode) the cases like the
third one in Fig. 6 are interesting basically in finding limitations of
the experimental and numerical approaches used.

Although under the present experimental conditions the second
discrete Görtler-instability mode starts to grow slowly in the very
end of the region of measurements (at very low frequencies only) it
does not play any significant role in the disturbance development in
all studied cases (see Section 6.2 and, especially, Ref. [50]). Higher
discrete-spectrum modes turned out to be always attenuating at
the present experimental conditions.

6. Spatial shapes of quasi-steady and unsteady Görtler
vortices

6.1. Wall-normal profiles of Görtler vortices. Predominance of the
first mode in experiment

The analysis of the instability-mode eigenfunctions provides the
most reliable way of the instability-mode identification. It is
well-known that the first Görtler mode with zero frequency
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Fig. 6. Spectra of eigenmodes for unsteady Görtler vortices based on eqs. (10)–(13) with Blas
22.70 (c): discrete modes (1); numerical representation of continuous modes (C;); lines a
consists of only one vortex layer in the wall-normal direction and
has one amplitude maximum, while the higher discrete-spectrum
modes (second, third, etc.) have two, three, and more counter-
rotating vortex layers and amplitude maxima [51].

The present study has shown that the amplitude parts of
eigenfunctions of the unsteady Görtler modes are similar to those of
steady ones. An example is presented in Fig. 7(left) for the first and
the second unsteady discrete-spectrum Görtler-instability modes.
The disturbance maximum of the first mode is close to the critical
layer, where the local mean-flow velocity is equal to the Görtler
mode phase velocity (a circle in Fig. 7). The first-mode phase (right
plot) decreases with the wall-normal coordinate in a linear way and
differs significantly from the second-mode phase profile, which has
a jump (about 180�) at the amplitude minimum located between
two humps.

The third amplitude profile shown in Fig. 7(left) (dash-dotted
line) displays function yvU/vy, which corresponds approximately to
the so-called transient disturbances [28]. The shape of this profile is
also different from those of the Görtler modes.

In general, the amplitude distributions of both the higher
discrete-spectrum modes and the transients have relatively
large amplitudes near the boundary-layer edge, while the first
discrete-spectrum Görtler mode have almost zero amplitude there.
Therefore, any admixture of the former to the first mode has to
lead, first of all, to a distortion of the amplitude profile near the
boundary-layer edge. This criterion was used extensively in the
present work during identification of the first Görtler mode
described below.

The dependence of the disturbance wall-normal profiles on the
streamwise coordinate (and Görtler number Gö*), frequency
parameter F, and spanwise wavelength parameter L is illustrated in
Figs. 8–10 (for some of studied regimes) and discussed in the text.
Symbols indicate experimental amplitude and phase distributions;
dashed and solid lines show the profiles obtained numerically
based on LPSE (for the first Görtler mode) and NSE (with initial
conditions corresponding also to the first Görtler mode),
respectively.

Typical downstream evolution of the experimental and theo-
retical profiles of disturbance phases (counted from the wall) 4n

and amplitudes An (normalized by their maximum values) is shown
in Fig. 8 for F¼ 5.67 and L¼ 149. It is seen that in the end and in the
middle of the studied streamwise region (starting with
x ¼ 595 mm) the agreement between the measured and calculated
profiles is very good. However, close to the disturbance source
(at x ¼ 397 and 496 mm) the experimental amplitude points
0 5 106 8 10
r

β2
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ius mean-velocity profile calculated for Gö*¼ 17.3, L ¼ 149 at F ¼ 0.57 (a), 9.08 (b), and

r ¼ u and ai ¼ b2 (----).
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deviate from the calculated profiles. This discrepancy can be
explained by the presence in the disturbance-source near-field of
attenuating transient disturbances excited in the boundary layer
along with the amplified discrete Görtler mode. As x grows, the
transients attenuate, the second potentially unstable Görtler mode
lags in amplification (or attenuates), as expected, and the most
amplified first Görtler mode becomes predominant at x a 600 mm
(Gö* a 13.2) providing the agreement of the experimental and
numerical profiles. The numerical profiles obtained with NSE and
LPSE are quite similar. The agreement between the experimental
profiles and those calculated by means of the LPSE-approach
indicates that the measured disturbances correspond to the first
Görtler mode in the disturbance-source far-field. However,
the NSE-approach provides slightly better agreement with the
measurements in the source far-field. Note also, that when the
disturbance propagates downstream, its amplitude maximum
x = 397 mm

0

0.2

0.4

0.6

0.8

1

1.2

x = 496 mm

0

0.2

0.4

0.6

0.8

1

1.2

A
n

y/δ* y/δ*

(Gö* = 10.3)

(Gö* = 11.8)

0 1 2 3 4 5 0 1 2

Fig. 8. Downstream evolution of experimental amplitude (C) and phase (B) profiles of boun
for the first Görtler mode. F ¼ 5.67, L ¼ 149.
shifts slightly towards the wall, while the phase slope slightly
increases. These trends are equally observed in both the experi-
mental and theoretical profiles.

Typical frequency dependence of the wall-normal amplitude
and phase profiles in the disturbance source far-field is illus-
trated in Fig. 9 for x ¼ 892 mm (Gö* ¼ 17.3), L ¼ 274. As the
frequency increases, the disturbance amplitude maximum is
displaced a little away from the wall without any significant
change of the profile shape. This is equally observed in the
experiment and in the two calculations and differs from the
known behavior of transient disturbances occurred in the flat-
plate boundary layer, the amplitude maximum of which is always
located near y/d* z 1.5 for F z 18.5–35.0 and the corresponding
amplitude profiles are characterized by appearance of a small-
amplitude region near the wall [52,53], which is not seen in the
present case.
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A strong frequency dependence is observed for the disturbance
phase profiles, whose nearly linear tilting along y-coordinate
increases substantially with frequency. At high frequencies this
dependence results in very large phase delays between the
near-wall region and the outer layer. At F a 19.29 this delay reaches
and exceeds 180�, i.e. the vortical motions near and far-from the
wall occurs with opposite phases. This corresponds to formation of
a specific spatial structure of unsteady Görtler vortices described
below in Section 6.2.

The measured amplitude and phase profiles and those calcu-
lated with the NSE and LPSE shown in Fig. 9 are in a good agree-
ment for all frequencies. At high frequencies the NSE-approach
displays a somewhat better agreement with the experiment for the
amplitude profiles.

All aforesaid comments (related to the cases with L ¼ 274) are
valid for the disturbance amplitude and phase profiles obtained for
L¼ 149 (in the whole studied frequency range) and L¼ 775 (in the
frequency range of amplified vortices of the first Görtler mode, i.e.
for F � 9.08). However, the situation is different for weakly
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amplified or attenuating first-mode disturbances (see Fig. 10). The
total perturbations can be interpreted in this case as a mixture of
the first-mode Görtler vortices and the transients, whose relative
amplitudes remain comparable to each other for a long
downstream distance. This point is able to influence both the
results of NSE-calculations and the measurements. When the first
Görtler mode has nearly neutral behavior or attenuates (weaker
usually than all continuous-spectrum modes) it does not have
enough streamwise distance to become predominant even up to
the last studied section with x ¼ 892 mm (Gö* ¼ 17.3), despite the
disturbance source in the experiment is still located far upstream
(at x ¼ 207 mm; Gö* ¼ 5.97) and the integration in the
NSE-approach still starts at x ¼ 100 mm (Gö* ¼ 3.00). This problem
can be solved providing more suitable initial conditions with
smaller content of transient disturbances, consequently, favoring
the first Görtler mode from the very beginning.

When the first Görtler mode attenuates faster than the leading
continuous-spectrum modes or even has the same attenuating rate
(see, e.g., Fig. 6c), the former has no chance to become dominant
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until (and if) the flow becomes less stable to it, as Gö* increases. In
such a case a displacement of the initial location x0 downstream
could provide better conditions for studying the first mode both in
experiment and in the NSE-approach. Therefore, the NSE-profiles
shown in Fig. 10 were calculated for initial conditions applied at
Gö* ¼ 10.3 (instead of usual Gö* ¼ 3.00), i.e. in the beginning of the
region of measurements. This modification helped to solve the
problem at F ¼ 12.48. However, even in this case some distortions
are visible on the NSE-amplitude profiles at frequency F ¼ 15.89
(and higher, not shown). The NSE-phase profiles deviate also from
both the experimental ones and from those calculated by means of
the LPSE. In this specific group of regimes (with weakly amplified or
attenuated first-mode Görtler vortices) the LPSE provides a better
agreement with experiment than the NSE (usually vice versa)
despite the former does not take into account the effects of the
base-flow non-parallelism. Thus, even in these difficult cases the
experimental disturbance source produces (in its far-field) the first
discrete-spectrum Görtler mode basically.

It is found that there is a very little difference between the
wall-normal amplitude and phase profiles studied for three
different values of the spanwise wavenumber for the first-mode
Götler vortices of constant frequency. This result supports the
conclusion made above that the profile shapes are very conserva-
tive. Only a weak displacement of the amplitude maxima away
from the wall is observed with growth of the vortex spanwise scale.
The tilting of the phase distribution increases slightly as well both
in the experiment and the calculations.

Thus, in spite of the complexities associated with accounting for
the disturbance-source near-field in the NSE-calculations, the
wall-normal profiles of the disturbance amplitudes and phases
calculated for the first Görtler-instability mode are very close to
those obtained experimentally for Gö* a 12 for the growing
perturbations (i.e. at L¼ 149 and 274, and for F� 12.48 at L¼ 775).
Moreover, these profiles are in a good agreement with the corre-
sponding eigenfunctions of the first unsteady Görtler mode
obtained with the LPSE, which is free of the near-field problems by
its definition. The NSE with the used initial conditions give
somewhat better agreement with experiment in all cases excluding
the case of attenuating or weakly amplifying vortices.

Hence, it is possible to conclude that the one and the same first
Görtler-instability mode was measured experimentally and
modeled theoretically. These results indicate also that the distur-
bance source used in the present experiments excites in the
boundary layer (in a wide range of parameters) the disturbances,
which represent essentially the most growing both quasi-steady
and unsteady Görtler-instability modes.

6.2. Instantaneous shapes of quasi-steady and unsteady first-mode
Görtler vortices

As far as the unsteady first-mode Görtler vortices has never
been examined in previous studies, it was important to analyze
their spatial shapes, which turned out to be quite different from
those of the corresponding well-known steady vortices. Some
results of this analysis are presented below.

Spatial shapes of the unsteady (in general) Görtler vortices are
illustrated for the spanwise wavelength L ¼ 274 in Fig. 11 for
a quasi-steady case and in Fig. 12 for an essentially unsteady case.
The instantaneous fields of the streamwise-velocity disturbance
shown there are measured (plots a,b) and calculated (plots c) for
the experimental conditions with the NSE-approach along with the
calculated instantaneous vector fields of the velocity disturbance.
The side views on the instantaneous fields measured in the (x, y)-
plane and normalized at every x-coordinate by maximum value are
shown in plots a. By means of this normalization the disturbance
growth in the streamwise direction is neglected in order to
highlight some peculiarities of the vortex shapes. The corre-
sponding end views (the cross-sections by the (y, z)-plane) are
shown in plots b and c.

Note that the reduction of the disturbance streamwise wave-
length with frequency provides, in general, better conditions for
validity of the locally-parallel (LPSE) approach. However, this
statement is only partially true. Indeed, the wavelength reduction
implies better conditions for the leading order solution, but this
solution could be locally neutral and, in an asymptotic sense, the
(higher order) growth rate could still be influenced by non-parallel
effects, depending on the value of the Görtler number. It seems to
us also that one should not neglect the effects of the base-flow
non-parallelism even at the highest of studied frequencies
(including F ¼ 22.70) because even for much more high-frequency
disturbances associated with strongly inclined TS-waves these
effects are known to be important [54]. This importance is
explained by very strong inclination angles of waves attributed to
the unsteady Görtler vortices under study. Subsequent processing
has shown that the wave propagation angles q vary in the present
experiment between 89.99 degree for the lowest studied frequency
(F ¼ 0.57) to 87.51 degree for the highest one (F ¼ 22.70).

The experimental results presented in Fig. 11a, b illustrate
a disturbance field typical for the first mode of steady Görtler
vortices studied previously as streamwise elongated vortices with
axes parallel to the wall. The pictures correspond to a time instant
of a maximum instantaneous amplitude of the vortices. The
negative velocity disturbance corresponds to rise of low-speed fluid
from the near-wall region away from the wall, while the positive
instantaneous velocity displays lowering of high-speed fluid
towards the wall. The same behavior is seen in the numerical
results presented in Fig. 11c. The instantaneous vector fields, shown
there in addition, display one layer of counter-rotating (in the
spanwise direction) streamwise elongated Görtler vortices. The
intensity of rotation varies slowly with time and changes its sign
after one half of period. The instantaneous shape of the quasi-
steady vortices is independent practically of x, as seen in the (y, x)-
plane (Fig. 11a). Thus, the results presented in Fig. 11 demonstrate
that the experimental and theoretical spatial structure of quasi-
steady first-mode Görtler vortices corresponds practically to that of
the steady ones.

The situation observed for essentially unsteady Görtler
vortices is different significantly (Fig. 12). In the cross-section
(Fig. 12b and c) the structure consists of several cells associated
with the strong dependence of the disturbance phase on the
wall-normal coordinate observed at high frequencies (see Fig. 9)
and leading to anti-phase oscillations of the streamwise velocity
component at different distances from the wall. This phase
behavior corresponds to a substantially different spatial shape of
the vortices shown in Fig. 12 and results in an inclination of the
unsteady first-mode Görtler vortices with respect to the wall
(Fig. 12a). Due to this, several instantaneous counter-rotating
vortex layers appears at different wall-normal distances in the
cross-section view (Fig. 12c). In every fixed (y, x)-section the
interface line between the vortex layers move towards the wall
with time. The vortex amplitude increases initially with time
(when the line is far-from the wall) and then decreases (when the
line approaches the wall).

The angles of inclination of the Görtler vortex axes with respect
to the wall, g, were determined in the disturbance-source far-field
based on results of numerical calculations performed within the
framework of the NSE-approach. At F ¼ 0 the inclination angle is
equal to zero (as it should be), increases monotonously with
frequency, and reaches 1.36

�
at F ¼ 22.70, L ¼ 149. The rate of

increase of the angle grows with the spanwise wavelength L.
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7. Evolution of Görtler vortices and linear-stability
characteristics

7.1. Linearity of measured stability characteristics

In the present experiments a great attention was focused on the
question of linearity of the stability problem under study, in
particular to independence of properties and evolution character-
istics of the studied Görtler vortices from their amplitudes. The
tuning-out of the zero frequency and utilizing the new efficient
disturbance source gave us the possibility to vary disturbance
amplitudes in a wide range and to examine easily, in this way, some
possible nonlinear effects.

Note, first of all, that the signal at the fundamental frequency of
excitation was predominant in spectra of boundary-layer velocity
perturbations. In particular, the uncontrolled (‘‘natural’’) distur-
bances were much weaker in the studied frequency range. It was
not found also any significant nonlinear generation of velocity
fluctuations at frequencies of higher harmonics of the fundamental
disturbance, as well as in the subharmonic frequency range.

The results presented in Fig. 13 were obtained at L ¼ 274 in two
tests of linearity performed for F ¼ 2.27. In these tests the initial
disturbance amplitudes used in the main measurements
(A0¼ 0.34%) were enhanced by a factor of two. The figures illustrate
the experimentally established fact that the variation of initial
amplitudes does not result in any change in laws of streamwise
evolution of the Görtler vortices under study (Fig. 13, left), as well as
in shape of the disturbance eigenfunctions (Fig. 13, right). This is
consistent with some Hall’s [22] and later numerical calculations.
The mean-velocity profiles of the base flow do not display also any
nonlinear distortions associated with presence of controlled
Görtler vortices. Similar results were obtained in other regimes of
disturbance excitation.

Thus, in the present experiment the characteristics of both the
base flow and the disturbance evolution are independent of initial
amplitudes at least up to 3.5% of Ue. Accordingly, all stability
characteristics obtained in the present experiment do correspond
to the characteristics of linear Görtler instability.

7.2. Estimations of range of applicability of modal analysis

Note that in the region of validity of the locally-parallel or locally
non-parallel stability equations (LPSE or LNSE), the discrete-spec-
trum modes growing downstream correspond to Görtler vortices.
Meanwhile in solving the non-parallel stability equations (NSE), as
well as in experiment, the obtained disturbances are composed of
large (infinite, in general) amount of modes, the most of which
decay. Hence, the disturbance behavior close to a disturbance
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source can be subjected to different transient effects behaving
differently depending on initial conditions. In particular, a quite
rapid transient growth of perturbations is possible there, as well as
a rapid transient attenuation. Additionally, the inability of LPSE and
LNSE to describe the instability at b a 1 and small Gö* [20,21] raises
the question of permissibility of the modal approaches in the region
of parameters studied in the present experiments.

To carry out an accurate comparison of theoretical, numerical,
and experimental results in the near-field of the source at Gö* a 1,
it is required either to obtain complete solution of the corre-
sponding receptivity problem or to perform detailed measure-
ments of all disturbance velocity components at x0 to provide the
initial data for the governing equations. However, first, it is very
difficult to measure very small wall-normal and spanwise velocity
components (only streamwise component is measured in the
present experiments) and, second, the receptivity problem is out of
scope of the present study. Therefore, in the present case a set of
some model velocity–disturbance profiles was used in order to
approximate the required initial conditions and to estimate roughly
the characteristic length of the disturbance-source near-field, i.e.
the characteristic bound of the region, downstream of which the
disturbance behavior would be expected free of the transient and
non-modal effects. The procedure was found to be quite satisfac-
tory for conditions of the present experiments in the whole range of
experimental frequencies at L ¼ 149 and 274 and for relatively low
frequencies at L ¼ 775 (as discussed in more detail in the next
Section). This is in accordance with numerous previous theoretical
and numerical findings that as soon as b a 1 and Gö* increases the
Görtler vortices ‘forget’ peculiarities of initial conditions and
approach the modal growth.

Several typical examples of such computations are shown in Fig.14
along with the correspondingexperimental data. The calculations were
performed for some selected experimental parameters with the model
initial conditions: (a) bu0 ¼ ð1� cosy2Þexpð�y4=2Þ;bv0 ¼ bw0 ¼ 0,
and (b)bv0 ¼ y5expð�y3Þ; bu0 ¼ bw0 ¼ 0, which were used previously
at u ¼ 0 in Ref. [21] for the same purpose. Shown there are amplifi-
cation curves for the streamwise component of disturbance
amplitudes û calculated and measured at wall-normal amplitude
maxima and normalized by the value ûmax reached at x ¼ 892 mm
(Gö* ¼ 17.3). Such normalization is convenient due to presence of
different disturbance behavior in the disturbance-source near-field.
The computations were started at x¼ 200 mm (Gö*¼ 5.79), i.e. close to
the position of the experimental disturbance source. Results of
calculations of the disturbance amplitude growth based on a local
approach are also shown with solid lines for comparison.

It is seen that the bound predicted in such a way is located at
x z 500–600 mm (Gö* ¼ 12.36–14.28), i.e. 300–400 mm down-
stream the disturbance source. Based on these estimations the first
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measurement section was chosen at x z 400 mm (Gö* ¼ 10.33).
Subsequent measurements and calculations have shown (see
Section 6.1) that the actual length of the near-field of the
disturbance source corresponded, in general, to these estimations
(as in Fig. 14).
7.3. Downstream evolution of disturbance amplitudes and phases

Streamwise distributions of the disturbance amplitudes and
phases discussed below and presented in Figs. 15–18 are measured
and calculated for wall-normal amplitude maxima of the stream-
wise component of velocity perturbations. The calculations were
performed based on non-parallel stability equations (NSE) and
locally-parallel stability equations (LPSE) described in Section 3.
Filled symbols display experimental points corresponded to the
disturbance-source far-field where the boundary-layer perturba-
tions represent the first discrete-spectrum mode of Görtler
instability (see Section 5). Open symbols display the results of
measurements obtained within the disturbance-source near-field,
where the disturbance, according to estimations, made above and
in Section 6.1, represents a mixture of some transients and the first
Görtler mode. Dashed lines display the LPSE-results, while solid
lines correspond to calculations based on the NSE-approach. The
disturbance amplification curves (Figs. 15 and 17) are presented in
logarithmic scale. The calculated amplitude distributions are
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normalized by the values reached in the end of the region of
measurements (i.e. at x ¼ 892 mm, Gö* z 17.3), while all calculated
phases are counted from values reached at the streamwise location
of the first point of measurements (i.e. at x ¼ 397 mm, Gö* z 10.3)
The experimental amplitude and phase distributions are matched
with the corresponding numerical ones calculated in the
disturbance source far-field within the NSE-approach. In several
cases when this approach gives incorrect results, which, hence, are
not shown in the figures, the experimental distributions are
matched with the LPSE-ones. Normalized in this way disturbance
amplitudes are designated as Anorm. There are two abscissas in Figs.
15–18: (i) streamwise distance from the model leading edge
(in mm), i.e. the x-axis, and (ii) the corresponding local Görtler
number Gö* indicated at the top of every plot.

Figs. 15–18 illustrate the overall excellent agreement between
the experimental and theoretical results obtained in the present
study in all studied regimes. In cases, when the first-mode Görtler
vortices are amplified significantly, the NSE-results agree better
with the experiment, than the LPSE-results. Meanwhile, in regimes
with large spanwise wavelengths and high frequencies (i.e. at
L ¼ 775 and F � 12.48), where the first Görtler mode is either
nearly neutral or attenuates, the situation is opposite: the LPSE
agrees better, than the NSE, with the experiment. This observation
is in agreement with the results of analysis of the disturbance
wall-normal profiles and their comparison with Görtler-mode
eigenfunctions presented in Section 6.1.

The regions where the experimental and theoretical results
deviate from each other are relatively short at L¼ 149 and 274 and
cover only first three or four experimental points on the amplifi-
cation curves. This means that the first Görtler-instability mode
becomes predominant in the experiment, as a rule, starting with
x z 500–600 mm (Gö* z 12–13). As far as the NSE-calculations
with different initial conditions also merge with the experimental
points approximately in the same downstream section, it was
accepted that the source near-field and/or the region of non-modal
behavior ends in the point, where a good agreement of all experi-
mental stability characteristics (including eigenfunctions, see
Section 6.1) with the theoretical ones occurs.

The distributions obtained for the Görtler vortices with
spanwise wavelength L ¼ 149 (Figs. 15 and 16) show that both NSE
and LPSE provide a very good, in general, agreement with experi-
ment and can be used for the stability calculations and transition
prediction. However, the amplitude and, especially, phase distri-
butions calculated with the help of the NSE-approach agrees better
with the measurements. In particular, a slightly better agreement of
amplification curves is seen in the region close to the disturbance-
source near-field (Fig. 15). This suggests, most probably, that the
effects of the base-flow non-parallelism, which are not taken into
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account in the LPSE, are significant at Gö* ( 13 similarly to steady
vortices [20,21]. The rate of the disturbance amplitude growth
decreases with frequency, while the disturbance phase growth
increases. At high frequencies both calculations indicate that the
flow becomes stable. The same is observed in the experiment
despite the location of the experimental neutral point is somewhat
different and the numerical decay is somewhat stronger.

For slowly growing and attenuating disturbances the NSE-
approach also faces the difficulty of predominance of the first
Görtler-instability mode (plot for F ¼ 22.7 in Fig. 15). However, at
the discussed spanwise wavelength (L¼ 149) this problem is not so
significant, namely: (i) the measured wall-normal disturbance
profiles coincide practically with eigenfunctions of the first Görtler
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mode even at high frequencies (Section 6.1); (ii) the amplification
curves differ only marginally from the LPSE-results, which are free
of the near-field effects by definition (Fig. 15); (iii) the measured
phase distributions remain in a very good agreement with the
calculations (Fig. 16).

The disturbance phase distributions measured and calculated
for L ¼ 149 (Fig. 16) display almost linear growth with the
streamwise coordinate in both the experiment and the calculations.
However, the slopes are significantly different in the parallel and
non-parallel stability theories. The phase distributions obtained
with the NSE agree very well with the experiment in the whole
region of measurements for all frequencies, while those obtained
with the LPSE differ from both of them (see also Section 7.4). The
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Fig. 17. Streamwise evolution of Görtler vortex amplitudes for L ¼ 775 and various frequencies obtained experimentally (circles) and numerically by NSE (�) and LPSE (– – –): far-
field (C); near-field (B).

A.V. Boiko et al. / European Journal of Mechanics B/Fluids 29 (2010) 61–8376
absolute deviation of the phases is almost invisible for low
frequencies but increases with frequency.

At spanwise wavelength L ¼ 274 the streamwise amplitude and
phase distributions were obtained, in addition, for an extremely
low value of frequency parameter F ¼ 0.57 (f ¼ 0.5 Hz). The general
picture of the downstream evolution of disturbances is found to be
the same at this L as that observed at L ¼ 149 (not shown). Again,
there is a very good agreement between the experimental and
numerical results observed for the two theoretical approaches in
a wide range of the streamwise coordinates and frequencies
excluding cases of weakly growing first-mode Görtler vortices
(at F ¼ 19.29 and 22.7). The NSE-approach predicts normally
somewhat better the experimental results for all frequencies
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Fig. 18. Streamwise evolution of Görtler vortex phases for L ¼ 775 and various frequencies o
(C); near-field (B).
(basically for the phase distributions). Again, the growth of
disturbance amplitude decreases with frequency, while the phase
growth increases. At the same time, there is no any differences,
practically, between amplification of vortices with F ¼ 2.27, 0.57,
and 0 (not shown). For vortices with this spanwise wavelength
(L ¼ 274) the upstream region, where the deviation between the
experimental and theoretical results occurs (due to the source
near-field), becomes quite pronounced on the plots of phase
distributions, while at L ¼ 149 (Fig. 16) it is practically invisible.

Everything aforesaid about the growing Görtler vortices with
L ¼ 149 and 274 is equally applicable to the distributions obtained
for L ¼ 775 (Figs. 17 and 18) with low frequencies up to F ¼ 9.08.
At higher frequencies the vortical amplitudes grow only slowly and
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start to decay continuously at F � 19.29. The difficulties with
extraction of the first discrete Görtler-instability mode during the
NSE-calculations become the most topical for these vortices.
However, in spite of the admixture of transients, identified in these
calculations at high frequencies, the experimental streamwise
distributions do not change their general behavior similar to that of
Görtler vortices at other spanwise wavelengths. Moreover, the
disturbance wall-normal profiles have qualitatively the same
characteristic shapes being in accordance with the first Görtler-
mode eigenfunctions calculated by means of the LPSE for attenu-
ating vortices (Section 6.1). Due to this, it is natural to assume that
even in these regimes of excitation we still observe in the experi-
ment the predominance of the same first unsteady Görtler-insta-
bility mode. Therefore, only the LPSE-calculations can be used for
correct comparison with the experimental data in the considered
range of parameters. Indeed, at F ¼ 12.48 the LPSE-amplification
curves coincide, in fact, with the experimental ones (not shown).
At F ¼ 15.89 the experimental points demonstrate practically
neutral behavior; the LPSE-amplitudes attenuate initially, but also
display approximately neutral behavior in the end of the region of
measurements (Fig. 17). At higher frequencies both the experi-
mental and the LPSE-amplitudes attenuate everywhere, displaying
qualitatively similar behavior, although the quantitative agreement
is observed only in the very end of the region of measurements
(in the source far-field).

Thus, an excellent quantitative agreement between the experi-
mental and theoretical streamwise distributions of amplitudes and
phases of Görtler vortices discussed above is obtained (for growing
disturbances) in a wide range of spanwise wavelengthes and
frequencies.

The characteristics of downstream development of Görtler
vortices depend essentially on parameters of the problem. For
instance, for each L the boundary layer is less stable to steady and
quasi-steady vortices, amplitudes of which grow faster than those
of essentially unsteady ones. This experimental and numerical
result is consistent with that obtained theoretically in Ref. [20] for
asymptotically large spanwise wavenumbers (i.e. for very small
spanwise wavelengths) of steady vortices. In the range of distur-
bance parameters considered in the present study the influence of
frequency is the strongest at the largest (of studied) spanwise
wavelength L ¼ 775 (i.e. for the smallest spanwise wavenumber).
Indeed, at L ¼ 149 to 274 the disturbance growth disappears at the
highest studied frequency F ¼ 22.70 only, while at L ¼ 775 the
growth stops as early as at F ¼ 15.89.

In the low-frequency range F ¼ 0–2.27 the disturbance ampli-
fication is practically independent of frequency. This is equally
observed experimentally (for F ¼ 0.57–2.27) and numerically; the
same is true also for the disturbance eigenfunctions and the
measured wall-normal amplitude profiles (Section 6.1). This is
the range of quasi-stationary Görtler vortices, which corresponds
physically to stationary vortices considered in numerous previous
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studies. Consequently, all results obtained in the present work at
F ¼ 0.57 and 2.27 correspond to the classic problem of steady
Görtler instability (see also Sections 7.5 and 8).

7.4. Phase velocities of Görtler vortices

As has been shown above, the phases of the disturbances under
study increase downstream in a nearly linear way both in the
experiment and in the calculations. This fact gives us the possibility
to obtain rather accurately the averaged phase velocities cph of the
unsteady first Görtler modes by means of approximation of
the streamwise phase distributions with straight lines performed in
the disturbance source far-field. The obtained phase velocities
correspond approximately to some mean values for the middle of
the interval of averaging for Gö* z 15. The same averaging proce-
dure was applied to both the experimental and numerical distri-
butions. The resulting frequency dependencies of the mean phase
velocities of unsteady Görtler vortices are presented in Fig. 19a–c
for L ¼ 149, 274, and 775, respectively.

At L ¼ 149 and 274 (Fig. 19a and b) it is clearly seen that the
LPSE-approach overestimates somewhat the phase velocities
compared to the experimental values, while the NSE-approach
displays much better agreement with the experiment. It looks like
the NSE-phase velocities are somewhat higher than the experi-
mental ones, but the observed deviation seems to be connected
mainly with a restricted accuracy of differentiation of the experi-
mental data during estimation of the phase velocities. The phase
velocities have values between 0.60 and 0.65, and at L ¼ 149 and
274 depend slightly on frequency, increasing very slowly at F> 5.67
both in the experiment and in the calculations.

At the spanwise wavelength L ¼ 775 (Fig. 19c) and F � 9.08 the
situation with the frequency dependence of the phase velocities is
approximately the same as that observed at L ¼ 149 and 274.
At higher frequencies only experiment and LPSE are able to provide
adequate estimations of cph. According to the LPSE-calculations, the
phase velocities of the nearly neutral and attenuating disturbances
decrease with frequency and at F ¼ 19.29 and 20.70 approach the
experimental values. The experimental phase velocities experience,
in fact, no frequency dependence.

Note that the observed phase velocities (about 0.60–0.65) are
quite close to propagation velocities of the algebraically growing
flat-plate transient disturbances found in Ref. [55] at F ¼ 26.9 in
a range of b z 0.5 to 1.0, i.e. for the parameters, which are quite
close to those in the present study. However, in all studied cases the
streamwise behavior of the disturbance amplitude is exponential,
rather than algebraic, and the amplitude maximum of Görtler
vortices in the wall-normal profiles correspond approximately to
the location of the critical layer (i.e. to the wall distance where the
disturbance phase velocity is equal to the local mean-flow velocity),
rather than to the location of maximum of the transient distur-
bance amplitudes (see Section 6.1).
F
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7.5. Amplification rates of Görtler vortices

The unsteady Görtler vortex increments averaged in the
disturbance source far-field (around Gö* z 15) are shown in Fig. 20
versus frequency parameter for all three spanwise wavelengths
studied. These increments are obtained similar to the phase
velocities discussed above, but the approximation was performed
for logarithms of disturbance amplitudes.

At L ¼ 149 and 274 (Fig. 20a and b) the increments decay with
frequency and the flow becomes neutrally stable at F z 22.70.
Despite the quite strong frequency dependence, the variations of
the increments at frequencies F a 2.27 corresponded to the quasi-
steady vortices are extremely weak. In general, the two theoretical
approaches agree very well with the measurements, although the
distribution given by the LPSE at L ¼ 149 shows somewhat steeper
slope, than those measured and calculated with the NSE. A signif-
icant distinction between calculated and measured increments is
observed only at the highest studied frequencies F ¼ 19.29 for
L ¼ 149, and F ¼ 19.29 and 22.70 for L ¼ 274, where the Görtler
vortices display nearly neutral behavior and their selection from
transient (near-field) disturbances of the same frequency becomes
less efficient.

At L ¼ 775 (Fig. 20c) the frequency dependence of the distur-
bance increments is qualitatively similar to those obtained for
L ¼ 149 and 274. However, the increments have significantly lower
values. A good agreement of the experimental and the theoretical
data is observed for the growing disturbances until F ¼ 9.08 (NSE)
and 12.48 (LPSE). Subsequent reduction of increments with
frequency, observed in the experiment for nearly neutral and
decaying disturbances, also corresponds qualitatively to the
LPSE-results. The excess of the measured increments over the
LPSE-ones in this region is explained by the base-flow non-paral-
lelism or/and by admixture of transient disturbances in the
experiment.

8. Stability diagrams

The results discussed above have shown that the LPSE describe
quite adequately the growth rates of the disturbances under study.
Inclusion of terms responsible for non-parallel effects improves the
correspondence of the numerical and experimental data. Therefore,
in this section we present data obtained with LNSE, which includes
most of the non-local terms in the framework of modal analysis in
the sense of Ref. [19].

8.1. Stability diagrams for steady and quasi-steady vortices

The Görtler instability diagrams obtained for steady and
low-frequency disturbances are presented in Fig. 21 in the (Gö*,L)-
plane for frequency parameters F ¼ 0, 0.57, and 2.27. The calculated
neutral stability curves and the equally spaced contour-lines of
amplification rates (for growing disturbances only) are shown there
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for the Blasius boundary layer. As was indicated in Section 4, the
slight deviation of the base flow studied in the present experiments
from the Blasius one does not influence practically the amplifica-
tion rates of Görtler-instability modes. Solid and dashed curves
display the results obtained for the most amplified modes.
Gray-tone areas display regions of instability calculated for the
second discrete Görtler mode. Open circles indicate regions, in
which the amplified first-mode Görtler vortices are found experi-
mentally at F ¼ 0.57 and 2.27.

It is seen that at F ¼ 0.57 the stability diagram coincides with
that obtained for steady Görtler vortices at F ¼ 0 in the range of
parameters shown. This is also true for F ¼ 2.27 excluding a fringe
region, in particular at L a 2000 and Gö* a 40. No deviation is
observed in the central part of the stability diagrams corresponding
to the most amplified (for every given Gö*) Görtler vortices
including the regions of measurements, where the measured
vortex amplitudes are amplified downstream in agreement with
the theoretical results (see Sections. 7.3 and 7.5).

Thus, as has been already concluded in Section 6.2, the quasi-
steady approach used in the present experiments for investigation
of steady Görtler vortices works accurately in a wide range of
practically interesting parameters. This makes it possible both to
diminish the amplitudes of disturbances under study by two-three
orders of magnitude and to increase, simultaneously, the accuracy
of measurements by the two-three orders of magnitude.

Regions of amplification of the second discrete Görtler mode
(shown in Fig. 21 with gray-tone areas) display that the flow
becomes unstable to this mode only at Gö* a 14. This instability is
virtually absent for the largest disturbance spanwise wavelength
studied experimentally and appears only by the end of the
streamwise range investigated at two shorter wavelengths. Taking
into account that the amplification of the second-mode is much
smaller than that of the first one, this observation indicates that the
second Görtler mode cannot become dominant in the flow at
conditions of the present experiment and numerical calculations
(based on the NSE-approach), if this mode is weak from the very
beginning. The calculations have shown also (see Section 5) that the
studied flow is always stable to the third and higher discrete Görtler
modes within the range of the measurements.

8.2. Stability diagrams for essentially unsteady Görtler vortices

The stability diagrams obtained for essentially unsteady
disturbances are presented in Fig. 22. It turned out that at high
frequencies (F a 5) another type of instability can be present in the
boundary layer under study. This is the Tollmien–Schlichting (TS)
mode, which is clearly observed at the present surface curvature at
L > 2000 around Görtler number of several tens (Fig. 22) corre-
sponding in the present study to Re* of about 2000–3000. The
connection between unsteady Görtler- and very oblique TS-modes
has been shown in Ref. [56] based on an asymptotic approach at
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However, the TS-instability is of viscous type, i.e. depends on
viscosity (the Reynolds number). This is in contrast to the inviscid
Görtler instability, for which surface curvature, rather than
Reynolds number, is important. Less oblique TS-waves in a flat-
plate boundary layer are usually considered to have a streamwise
scale which is substantially different from that of Görtler vortices,
being of order of the boundary-layer thickness d. This implies fast
oscillatory streamwise variations of the disturbances, i.e. arw1/d.
As far as u ¼ arcph, the assumption that cph is of order of the free-
stream velocity U0 leads to the TS-wave angular frequency uwU0/d.

As the disturbances under study are oscillatory, the question
arises on whether one can attribute them purely to the Görtler-,
rather than to TS-instability? To this end a rigorous analysis of
orders of magnitude of the amplitude functions, wavenumbers, and
angular frequency was carried out based on their scalings in a way
similar to that performed in Ref. [57] for transient disturbances and
TS-waves. The analysis shows that to be able to formulate
a common set of the locally non-parallel stability equations for the
Görtler and TS instabilities of any oblique orientation, one has to
preserve the streamwise pressure gradient term and the terms with
squared streamwise wavenumber in linearized stability equations
given in Part 1. This yields

iabu þ bvy þ b bw ¼ 0; (14)

Uxbu þ iaUbu þ Vbuy þ Uybv þ ia

Re2
bp

¼ buyy �
a2

Re2
bu � b2bu þ iubu; ð15Þ

iaUbv þ Vxbu þ Vbvy þ Vybv þ 2G€o2Ubu þ bpy

¼ bvyy �
a2

Re2
bv � b2bv þ iubv; (16)

iaU bw þ V bwy � bbp ¼ bwyy �
a2

Re2
bw � b2 bw þ iu bw; (17)

where it is assumed that Re ¼ U0d/n and d ¼ x=
ffiffiffiffiffiffiffiffi
Rex
p

. Note that this
set of equations depends both on Re and Gö. This means that it is
impossible to draw a universal neutral stability curve on the (Gö,L)-
plane at fixed frequency parameter F; instead one have to plot
a three-dimensional surface in coordinates (Gö,L,Re) or (Gö,L,R) ,
where R is the dimensional radius of curvature.

Shown in Fig. 22 are some cuts of the surfaces of constant
amplification rates corresponding to the experimental radius of
curvature R ¼ 8.37 m. Such representation allows to preserve both
Görtler and Reynolds number axes on one graph. The diagrams
were obtained on solving eqs. (14)–(17) by transforming the
nonlinear eigenvalue problem to a standard form with the
companion matrix method and application of QR-algorithm to find
a. Details of the numerical approximation are described above. As
usual in this paper, the data are renormalized using displacement
thickness d* ¼ 1.72d for easier comparison with the experiment.

Solid curves in Fig. 22 display the results obtained for the most
amplified mode. The regions of the TS-wave instability calculated
with the Orr–Sommerfeld equations are given with dark-tone gray
areas. The regions of the second-mode instability are shown in
light-gray. The experimentally observed growing and attenuating
disturbances are presented with open and filled symbols respec-
tively, while the experimental neutral points are indicated with
asterisks. It is interesting also that the necessary condition of
b > Oð1Þ for the validity of local non-parallel approach can be
probably omitted at least for F � 15.89, as the Görtler instability is
just absent there. Hence, it is reasonable to assume that the right-
hand side part of the plots is valid everywhere, except for the region
of low Görtler numbers.

Note that the TS-instability domain (Gö* a 25 and L a 2500 at
F ¼ 22.70 or even further for lower frequencies) is located far away
from the region of measurements and can not influence the
experimental results in any case. Moreover, the instability diagrams
calculated by means of LNSE (not shown) coincide with the
presented curves everywhere except for a vicinity of the TS-wave
instability region, where they, indeed, showed crude results. Note
also that for all frequencies the disturbances with L ¼ 149 and 274,
studied in detail in the present work, are located close to the curve
of maximum amplification shown in Fig. 22 with dashed line. These
results provide an additional strong support that our experiments
are related mainly to the first-mode Görtler instability. However,
generally speaking, at larger Reynolds numbers and large spanwise
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wavelength the boundary between these instabilities is fuzzy, i.e.
the regions of both instabilities can overlap in a specific range of F,
L, Gö and Re in a qualitative agreement with the results of analysis
made in Ref. [33], where growth of TS-waves was studied on
a curved surface. As seen, the curvature enlarges a little bit the
region of the TS-wave instability, that also was found in Ref. [33].

As frequency grows, the stability diagram undergoes significant
changes. At F ¼ 5.67 the flow becomes more stable to disturbances
with L a 1000 and Gö* a 40 (or Re* a 2000). At higher frequencies
the instability region continues to shrink and by F ¼ 19.29 it splits
into three domains. One of them disappears at F ¼ 22.70, while two
others remain. As shown above, the domain located at relatively
high Görtler numbers and large spanwise wavelengths corresponds
to the TS-instability. The domain, located in the center of the plots
(at moderate values of both Görtler number and spanwise wave-
length), corresponds to the first discrete mode of Görtler instability,
which represents the main object of the present study.

The experimental results presented in Fig. 22 are in excellent
agreement with the calculated stability diagrams and corroborate
them for all studied frequencies. At frequencies F � 12.48 the
experimentally studied perturbations are amplified at all covered
spanwise wavelengths and Görtler numbers. The first neutral
stability point is found experimentally for vortices with L ¼ 775 at
F ¼ 15.89 (the asterisk on the diagram corresponds to the neutral
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stability point determined experimentally). As seen the location of
this experimental point agrees very well with the calculated one.
At F ¼ 19.29 the disturbances with this L attenuate at all values of
Görtler number in both the experiment and the theory. Similarly, at
F ¼ 22.70 the disturbances with the shorter measured spanwise
wavelengths (L ¼ 149 and 274) exhibit appearance of neutral
points at Gö* z 16 in complete agreement with the calculations.
A small deviation between location of the experimental and
theoretical neutral points can be attributed to some effects of the
base-flow non-parallelism, since in the LPSE-calculations they are
taken into account only partly (in contrast to NSE). In order to
estimate possible influence of the flow non-parallelism on the
location of the upper part of the neutral curve, the NSE-calculations
were performed. Their results are presented for F¼ 22.70 by circles.
As seen the NSE-approach gives only a very little displacement of
the neutral curve, providing a somewhat better agreement with the
experiment for L ¼ 149.

Starting with F ¼ 19.29 the domain corresponding to the
amplifying first Görtler mode located in the center of the plots
becomes isolated occupying a restricted area on the stability
diagram. For instance, at F ¼ 22.70 the flow is unstable only at
1.9 ( Gö* ( 16. This means, in particular, that an increase of Görtler
number is able to stabilize the flow with respect to the first-mode
Görtler vortices with all spanwise wavenumbers and given fixed
frequency! This result is a paradoxical one. Indeed, the Görtler
number is proportional to square root of the surface curvature,
i.e. Gö*w(1/R)1/2. Therefore, its growth can be interpreted as
a relative increase of the wall curvature and, hence, an increase of
centrifugal forces, which represent the main cause of the Görtler
instability. However, this growth is shown to be able to lead to the
flow stabilization. The only ’’visible’’ cause of this phenomenon
might be associated with the air viscosity, which provides a stabi-
lization for the unsteady Görtler vortices at least in the region of
frequencies and Reynolds numbers characteristic for the TS-insta-
bility, the stabilization being increased with F and Re.

Note in the end that amplification of the second discrete Görtler
mode, shown in Fig. 22 with light-gray-tone areas, occurs in the
given range of parameters at F � 9.08 only. Moreover, even at these
frequencies the second-mode can be amplified at quite high Görtler
numbers only and can not play any significant role in the
measurements. The calculations indicate also that the flow is
always stable to all higher discrete Görtler modes within the
studied range of parameters.

9. Conclusions

In the present study all characteristics of linear-stability of
a boundary layer on concave wall to the leading discrete-spectrum
Görtler mode were obtained experimentally for both the steady
(within the quasi-stationary approach) and unsteady vortices.
A detailed investigation is performed in 22 excitation regimes for
three spanwise wavelengths L ¼ 149, 274, and 775 in the ranges of
values of local Görtler number Gö* ¼ 10.3–17.3 and frequency
parameter F ¼ 0.57–22.70. Similar results were obtained numeri-
cally for the experimental conditions within the framework of
three theoretical approaches based on the locally-parallel and the
non-parallel stability theories (eigenvalue problems) and on
numerical solution of initial-valuer problem based on parabolic
stability equations.

In contrast to previous measurements of steady Görtler vortices,
all present experimental results were obtained for very low-
amplitude disturbances with initial amplitudes for the largest
streamwise-velocity component of several hundredth or tenth of
a percent of the free-stream speed. The characteristics of the
disturbance development are shown to be independent of the
amplitude up to 3% of Ue (at least), hence proving the linearity of
the investigated instability mechanisms.

The following most important results are obtained in the
present study.

Methodological results obtained
1. A new experimental approach is developed and applied to

investigation of stationary and non-stationary linear Görtler
instability. This approach includes: (i) the quasi-steady method
of investigation of stationary Görtler-vortex instability, (ii)
a new, very efficient, method of excitation of controlled quasi-
steady and unsteady Görtler vortices, (iii) utilizing of optimized
experimental model and regimes of measurements providing
absence of any significant uncontrolled Görtler modes, and (iv)
accurate treatment of the disturbance-source near-field. The
applicability and very high efficiency of this approach is
substantiated both experimentally and theoretically.

2. In particular, it is shown that the tuning-out of the exact zero
frequency, applied within the framework of the quasi-steady
method, gives the possibility to diminish the disturbance
amplitude (compared to previous experiments) by two-three
orders of magnitude and, simultaneously, to increase the
measurement accuracy by approximately the same orders. It is
found also that the quasi-steady method works very well and
provides the possibility of accurate investigation of the linear
boundary-layer instability to physically stationary Görtler
vortices.

3. For the first time quasi-steady and essentially unsteady
controlled Görtler vortices were excited by a disturbance source
used previously for excitation of TS- and cross-flow waves. The
source is shown to be able to generate boundary-layer pertur-
bations corresponding mainly to the first (most dangerous)
Görtler-instability mode with a quite short near-field region
(where other modes are admixed). Due to these properties, the
source can be used in future for excitation of various combina-
tions of the indicated types of instability modes for investigation
of their simultaneous development and interaction.

4. Three theoretical approaches to the linear unsteady (in general)
Görtler instability are developed based on: (i) locally-parallel
linear-stability equations (LPSE), (ii) locally non-parallel
stability equations (LNSE), and (iii) essentially non-local non-
parallel stability equations (NSE). Their numerical imple-
mentations made it possible to perform for the first time
a systematic theoretical and numerical investigation of charac-
teristics of boundary-layer linear-stability to unsteady Görtler
vortices. These theoretical approaches help also significantly in
substantiation of the used experimental approach and in
selection of optimal experimental regimes and parameters.

Main scientific results obtained
1. For the first time an accurate correspondence between the

experimental and theoretical linear-stability characteristics
was obtained for steady Görtler vortices outside the distur-
bance-source near-field (having length up to two hundred
boundary-layer displacement thicknesses downstream of the
source).

2. Similarly, a very good agreement is obtained for unsteady
Görtler vortices (corresponded also to the most dangerous first
discrete Görtler mode).

3. The experimental wall-normal profiles of the disturbance
amplitudes and phases measured in the range 13 ( Gö� 17.3
are found to agree very well, in the disturbance-source far-
field, with eigenfunctions of the first mode of Görtler instability
both for steady and unsteady vortices. For growing steady and
unsteady first-mode Görtler vortices the two applied
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theoretical approaches are shown to predict very well the
experimental shapes of the disturbances. However, the
approach based on the non-parallel stability equations (NSE)
predicts them somewhat better then the approach based on
the locally-parallel stability equations (LPSE).

4. At low frequencies, the spectrum of the eigenvalue problem
solved for the Blasius boundary layer developing over concave
surface is found to be similar to that solved for the corre-
sponding steady problem. It consists of several (in general)
discrete Görtler modes (some of which can be amplified) and
continuous-spectrum modes (always attenuating).

5. Eigenfunction amplitude profiles of the unsteady Görtler
vortices corresponding to the most dangerous first discrete
mode are found to be very similar to those of the steady ones,
quite conservative (in the range of studied parameters), and to
have one maximum near the critical layer, which location
displaces weakly away from the wall with frequency and
spanwise wavelength and moves towards the wall with local
Görtler number.

6. Eigenfunction phase profiles of unsteady first-mode Görtler
vortices are found to display a quasi-linear phase decay with
the wall-normal coordinate, which rate increases with the
disturbance frequency almost proportionally. There is also
a weak increase of this decay rate with spanwise wavelength
and local Görtler number.

7. The comparative analysis of shapes of the steady and unsteady
perturbations has shown that the quasi-steady first Görtler
mode corresponds to the well-known steady one and repre-
sents one layer (in wall-normal direction) of counter-rotating
vortices (distributed in spanwise direction) with their axes
parallel to the wall; the vortices change the direction of their
rotation periodically in time. Meanwhile, the essentially
unsteady first-mode Görtler vortices are inclined to the wall at
angles increasing with frequency and appear one above the
other resulting in formation of several counter-rotating vortex
layers located at different distances from the wall.

8. It is found that non-local, non-parallel linear-stability theory
predicts better the characteristics of the boundary-layer
instability to both stationary and non-stationary unstable
Görtler vortices. However, the disturbance growth rates are
predicted fairly well by the locally-parallel linear-stability
theory as well.

9. The amplification rates of unsteady Görtler vortices decrease,
in general, with frequency, but at low frequencies this reduc-
tion is very weak and the disturbance behavior corresponds to
quasi-steady one.

10. Phase velocities of unsteady Görtler vortices turned out to be
close to 0.60–0.65 and depend only marginally on the
base-flow and disturbance parameters.

11. At quasi-steady frequencies (similar to the case of zero
frequency) the instability region observed on the stability
diagram represents a single domain (at least at Gö*� 200 and
L � 104). At higher frequencies this region is split into two and
then three domains. One of them, located at the lowest Görtler
numbers (between several units to about 20), corresponds to
the first unsteady Görtler mode and shrinks gradually with
frequency. The domain located at large spanwise wavelengthes
corresponds to the TS-instability (with strongly oblique
TS-waves) and remains at high frequencies, including those at
which the Görtler instability is absent.

12. A paradoxical result is obtained that growth of Görtler number
is able to stabilize the flow with respect to unsteady Görtler
vortices. The Görtler instability can be present for a given
frequency at Gö* of several units but absent (for all spanwise
scales) at Gö* of several tens and even hundreds.
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Flow 18 (1997) 389.

[16] G. Hämmerlin, Zur Theorie der dreidimensionalen Instabilität laminarer
Grenzschichten. Z. Angew. Math. Phys. 7 (1956) 156.
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